Using the Stoney formula and its modifications, curvature-based techniques are gaining increasingly widespread application in evaluating the stress in a film on a substrate. In principle, the formula applies only when the stress is uniform throughout the film thickness. The main purpose of this paper is to extend the Stoney formula when the residual strain in the film is no longer uniform, but dependent on the z position. To achieve this goal, a general theory was introduced for the elastic deformation of an arbitrary, multilayered system. By practicing this general theory, we used a polynomial function to describe the gradient stress in a film, and contributions by different elements of the polynomial to both the curvature and the bending strain were derived. A finite element simulation for a typical film-substrate structure was then carried out, leading to the verification of the theory developed in this paper. In the discussion section, we explored the relation between the surface curvature and the bending curvature as well as the difference between the stress in the constrained planar state and that in the relaxed state. In addition, the accuracy of the simplified formula, using thin film approximation, was evaluated. Finally, a SiN x -Al MEMS structure was studied by using the formula in this paper.
Introduction
Micromachined multilayered structures have found extensive application in microelectromechanical systems (MEMS) as sensing or actuation components.
Films of these structures always have a certain amount of residual stress which develops during both fabrication processes and postprocessing treatments for a variety of reasons [1] [2] [3] [4] [5] [6] . There are a number of methods to characterize the residual stress in thin films, such as x-ray diffraction [1] , optical interferometry [1] , continuous etching of a monolayer cantilever [4] , using various micromachined structures [7] [8] [9] [10] [11] [12] and curvature measurements [1] [2] [3] [13] [14] [15] [16] [17] . Among these methods, the curvature-based techniques are gaining increasingly widespread use. With the given material properties and geometrical dimensions of a film-substrate system, the measured curvature can be converted into the film stress by using the Stoney formula [13] , i.e., the formula provides an expression for the curvature κ St of a circular film-substrate plate (figure 1) in terms of the uniform film stress σ f or strain ε f . Using m = E f /E s and n = h f /h s , this expression is
where h is the thickness, E is the biaxial modulus (E = E/(1 − ν), where E is Young's modulus and ν is Poisson's ratio) and the subscripts, s and f, denote the substrate and the film, respectively. The film strain ε f indicates the potential elastic deformation induced by the film stress σ f if unrestricted, and they are related by ε f = σ f /E . Formula (1) follows from an analysis of a film-substrate system which is based on several assumptions [18] [19] [20] . The main assumptions are (i) both the film thickness and substrate thicknesses are small compared to the lateral dimensions; (ii) the film thickness is much less than the substrate thickness; (iii) the substrate material is homogeneous, isotropic and linearly elastic, and the film material is isotropic; (iv) edge effects near the periphery of the substrate are inconsequential; (v) all physical quantities such as Young's modulus and Poisson's ratio are invariant under change in positions parallel to the interface; (vi) all stress gradients in the thickness direction vanish throughout the material and (vii) the strains and the rotations are infinitesimally small. Continuous efforts have been made to explore the range of applicability of some of these assumptions. For example, both assumptions (vii) and (iii) have been challenged where some film-substrate systems contain large, nonlinear deformations [18] [19] [20] [21] [22] , and others have a thermomechanically anisotropic substrate [23, 24] . When assumption (ii) is relaxed, the Stoney formula may result in large errors and more exact expressions are required. Two major modifications include the expression by Brenner and Senderoff [14] and another by Atkinson [15] . Also, the complete formula is obtained by using different approaches [16] [17] [18] ; using the same terms as in equation (1), the complete formula is
Detailed discussions on the accuracy of the Stoney formula and its modifications can be found in [16, 18] . Note that both the Stoney formula and equation (2) share the assumption that the film strain is uniformly distributed throughout the thickness. However, in light of experimental investigation of film stress, this assumption is not always true; the evaluation of uniform or mean residual stress in films is not sufficient for many applications [1, 4-6, 11, 12, 25, 26] . The purpose of this paper is to derive the extension of equations (1) and (2) when assumption (v) is relaxed, i.e., the residual strain in the film is not necessarily uniform. In section 2, the theoretical development is presented. In section 3, for a typical case the results from the analytical calculation are compared with finite element (FE) simulations, leading to the verification of the theory developed in this paper. Three related issues and the application of the theory to a bimaterial MEMS device are then discussed in section 4. Finally, section 5 gives concluding remarks.
Theory development
To achieve our goal, let us first introduce a general theory for the elastic deformation of an arbitrary, multilayered system. This theory has been used in the composite material area for a long time [27, 28] and was recently applied to MEMS devices by Pulskamp et al [29] and Malzbender [30] . A simplified approach to this general theory is presented as follows.
Figure 2(a) shows the schematic of a multilayered structure with the initial strain distribution ε con (z) in a constrained planar state. When the constraints are removed, the multilayered structure will bend due to the unbalanced strains. With the assumption that the bending is infinitesimally small the deformation can be regarded as a pure bending. Therefore, the bending strain ε ben (z) can be related to the reference strain at the bottom ε 0 and the curvature of the bending plane κ ben by
where z measures the distance from the bottom surface and h is the total thickness of the multilayered system. The bending plane defines a plane where the bending strain is zero, i.e., ε 0 − κ ben z ben = 0, or
The profile of the residual strain ε res (z) is then found to be
which leads to the definition of a neutral plane, a plane where the residual strain is zero, i.e., ε con (z neu )
Here, the logic among the terms 'constrained strain', 'bending strain' and 'residual strain' is as follows: (a) the initial strain in the constrained planar state causes a multilayered system to deform when the constraints are removed, resulting in the 'bending strain'; (b) the 'constrained strain' is then partially relaxed by the 'bending strain' and the resultant strain is called the 'residual strain'. The constrained strain-induced deformation is an energyminimizing process. The total potential energy of the system can be calculated in terms of ε 0 and κ ben according to
where r denotes the radius of the circular multilayered system. The equilibrium requirement that potential energy must be stationary is enforced with the conditions ∂U/∂ε 0 = 0 and ∂U/∂κ ben = 0 from which comes the solution to ε 0 and κ ben :
where A, B, D, N and M are expressed as follows:
In the framework of this general theory and with the given constrained strain profile, material properties and structural geometry, two unknowns, the reference strain and the bending curvature, can be determined simultaneously. This is called a two-parameter model. Hsueh proposed a three-parameter model with three unknowns and gave a comparison of these two models [17, 25] . Note that in the aforementioned general theory the bending plane has a different definition from that described in Hsueh's model. Another theoretical framework for the deformation of multilayered structures was presented by Townsend et al [31] and was adopted by Klein [16] to derive equation (2) . However, the Townsend model cannot deal with multilayered structures with gradient residual strains.
In light of the experimental data generated in the development of MEMS devices, the investigation of uniform (or mean) residual strain in films is not sufficient [1, 4-6, 11, 12, 25, 26] . In general, the constrained strain in the film on a substrate can be represented by a polynomial function [4, 11, 12] 
where h s and h f are the substrate and film thicknesses, respectively. In physical terms, the uniform component, ε con,0 , can be caused by a mismatch of thermal expansion coefficients between the film and its substrate [1, 2] or a mismatch of lattice constants between the substrate and the epitaxially grown film [3] . The gradient of the constrained strain can be caused by more localized effects including atomic diffusion through the film thickness [2] , grain size variation through the film thickness [6] , interstitial or substitutional defects [5] and atomic peening [1] . Experimentally, some methods such as x-ray diffraction [1] can be used to characterize a complete profile of the residual strain in the film. Using n-degree polynomial fitting, the measured residual strain profile can be converted to an n-degree polynomial in the fashion of equation (9).
In combining equation (8) with equation (9) one can find that 
Height (µm) Figure 3 . The profile of the constrained stress in the 2 µm thick p + silicon film in [7] and the definition of the constant stress in divided thin strips. In this case, K = 10.
which together with equation (7) leads to
Numerical analysis
For the verification of the present model, a numerical simulation is carried out. Figure 3 shows the profile of the constrained stress along the depth of a 2 µm thick p + silicon film reported by Yang et al [4] . The stress profile is given by a fifth-order polynomial. Consider such a film on a 5 µm thick silicon substrate. We then have h f = 2 µm, h s = 5 µm, σ con,0 = −21 MPa, σ con,1 = 551 MPa, σ con,2 = −1988 MPa, σ con,3 = −3765 MPa, σ con,4 = −3333 MPa, σ con,5 = −1092 MPa and E f = E s = 179 GPa. By using equation (11), one can find that the bending curvature and the reference strain of the film-substrate structure should be
The bending curvature κ ben is defined as
which reduces to
when considering the boundary conditions w = 0 and dw/dx = 0 at x = 0. Figure 4 plots the displacement according to equation (14) based on the theoretical curvature given by equation (12) . To verify this theoretical result, an FE simulation was conducted. The length of the film-substrate strip in the FE model is 100 µm. Since it is not allowed to input Figure 4 . The curvature against the number of thin strips, as predicted by the analytical model and finite-element simulation, using various methods to determine the stress in these thin strips.
gradient constrained stress in the FE model, the film is equally divided into K thin strips, where K can be any positive integer and each strip has a constant constrained stress determined by the original gradient profile. There are several methods to define the constant stress in these thin strips, e.g.,
where j = 1, 2, . . . , K and σ con (z) is given by equation (9) .
For example, figure 3 shows the first method to determine the stress in the thin strips when K = 10. The curvature obtained from both the theoretical calculation and the FE simulation with the stress state determined by different methods and different numbers of thin strips is plotted in figure 4 . It is seen that when K increases, the curvature obtained from the FE simulation approaches the theoretical calculation. In addition, the convergence speed differs when using different methods to define the stress in the thin strips. The displacement along the length obtained from the FE simulation for K = 1, 2, 5, 10 and 20 with the stress in the thin strips defined by equation (15a) is also plotted in figure 5 . It is also seen that when K increases, the simulation result approaches the analytical result, which, together with figure 4, demonstrates the validity of the theoretical modeling in this paper. This conclusion is further verified by plotting the residual stress through the thickness of the whole filmsubstrate structure (figure 6). The analytical residual stress profile in the figure is given by equation (5) with the calculated results in equation (11) , while the FE simulation result is obtained when K = 20. The figure also shows that the bending plane z ben = 2 µm, while there are two neutral planes, one in the substrate and the other in the film, i.e., z neu,1 = 2 µm and z neu,2 = 5.34 µm. 
Discussion

The bending curvature and surface curvature
Experimentally, a laser scanning system is often used to measure the curvature. As shown in figure 7, this measured curvature is indeed the curvature of the surface plane while the bending curvature is defined as the curvature of the bending plane. Using R ben to denote the radius of the bending plane and R sur to denote the radius of the surface plane Error (%) Figure 8 . The error (in percentage) involved in using the surface curvature to replace the bending plane curvature for a film-substrate with a 2 µm-thick p + Si film aforementioned in section 3. In general, this approximation will not introduce large errors.
At this point, to assess the difference between the two curvatures, an 'error' is defined as follows:
Taking advantage of equations (4) and (16), this yields
for the error involved in using the measured surface curvature to replace the bending curvature. Since one of the assumptions we made in section 1 was that both the strains and the rotations are infinitesimally small, equation (18) can be reduced to
which further leads to
Numerical verification of equation (20) cannot be carried out since the error has a dependence on the stress profile in the film. Figure 8 illustrates the dependence of the error on both the modulus ratio (0 m 3) and the thickness ratio (0 n 1) for a film-substrate with a 2 µm thick p + Si film aforementioned in section 3. The figure displays an isometric plot of η κ including equal-error contours, thus demonstrating that the error obeys a complex pattern. However, as predicted by equation (20) , the error is so small that the surface curvature can be used to replace the bending curvature in a wide range, i.e.,
Constrained strain and residual strain
If all the gradient items of the constrained strain vanish, i.e., ε con,k = 0 for k 1, equation (10) becomes equation (2) . Therefore, ε f in equation (2) should be replaced by ε con,0 . In other words, the strain derived by using equation (1) or (2) from the curvature measured by a laser scanning system is actually the constrained strain before the bending relaxation. The real residual strain profile in the film in now given by equation (5) Error (%) Figure 9 . The error (in percentage) involved in using the uniform constrained stress to represent the real average residual strain of the film in a film-substrate system for the range of 0 < m 3 and 0 < n 1.
To evaluate the difference between the 'residual strain' (actually the constrained strain) given by equation (2) and the real average residual strain given by equation (22), an 'error' is defined as follows:
which can be further reduced to
by using equations (2), (5) and (22). The dependence of the error involved in using the measured constrained strain to replace the average residual strain on both the modulus ratio (0 m 3) and the thickness ratio (0 n 1) is explored in figure 9 , which displays an isometric plot of η res including equal-error contours. It is seen that the error has a much stronger dependence on the modulus ratio than the thickness ratio. More importantly, the error is ignorable only for a very limited area of m and n. Therefore, the residual stress in the film of a deformed film-substrate is totally different from the constrained stress in the film before the bending relaxation, in regard to both the physical definitions and quantitative values.
Thin film approximation
Equation (2) becomes the Stoney formula with the thin film approximation, i.e., n 1 [16, 18] . Similarly, with the thin film approximation, one can readily find from equation (11) that
The accuracy of the Stoney formula for a film-substrate structure with uniform stress in the film was explored in [16, 18] . It was concluded that the error involved in using Stoney's formula is acceptable for thickness ratios n 0.1, independently of the elastic modulus and the film stress. However, as can be seen from equations (11) and (21), if the film stress is gradient, the error involved in using the thin-film approximation is determined by not only the modulus ratio and the thickness ratio but also by the detailed distribution of the film stress. For example, using the definitions of the errors,
and Figure 10 illustrates the errors involved in using thin film approximation to determine the curvature and the reference strain of a 2 µm thick p + silicon-substrate system for the range of 0 < m 3 when n = 0.005, 0.01, 0.02, 0.05 and 0.1. The stress profile of the 2 µm thick p + silicon film was given in section 3. It is seen from the figure that for this case the error of the curvature and that of the reference strain have a similar dependence on both the thickness ratio and the modulus ratio. First, the errors increase with the modulus ratio as well as the thickness ratio. Furthermore, for the whole range of 0 < m 3, the errors are acceptable ( 20%) if n 0.01, i.e., the substrate thickness h s 200 µm.
Application in the SiN x -Al MEMS structure
For many bimaterial MEMS structures, there is also constrained strain in the substrate material [12, 17, 32, 35] . In the simplest situation, the constrained strain in each layer is uniform through the thickness and the bending curvature is related to the strain difference ε con,f − ε con,s by [32] 
An example of such a bimaterial cantilever was previously reported by the author in [36] . Bimaterial SiN x -Al cantilevers are key components in cantilever-based infrared detectors [33] [34] [35] [36] [37] figure 11 , the as-fabricated cantilevers were concavely curved because of the imbalanced residual stresses in the two materials. With the assumption that the constrained stress in both the materials is constant through the thickness, the constrained stress in both films was characterized by using the curvature-based method, i.e., σ Al = 224 MPa and σ SiN = 340 MPa. Depthsensing indentation (DSI) experiments were performed with a maximum depth of less than 40 nm, leading to the measured biaxial moduli, E SiN = 124 ± 4 GPa and E Al = 70 ± 2 GPa. With h Al = 200 nm and h SiN = 200 nm, using equation (24) figure 12 ). Therefore, the uniform assumption on the residual stress in the SiN x must be modified and an improved approximation assumes a linear distribution of the residual stress through thickness:
Using equation (11a), one can find that the curvature of the SiN x -Al structure comprises two parts,
The first part, κ 0 , is related to the constrained stress in the Al film, σ Al , and the uniform stress in the SiN x , σ SiN,0 , by equation (26) . The second part, κ 1 , is related to the gradient stress in the SiN x , σ SiN,1 , and the expression can be readily obtained from equation (11a), i.e., Using σ Al = 224 MPa and the curvatures prior to and after the 20 min of ion beam machining, equations (27) , (29) and (30) result in σ SiN,0 = 612 MPa and σ SiN,1 = −383 MPa.
When a 200 nm thick SiN x film is deposited onto a 4 inch (1 0 0) wafer, the curvature of this film-substrate system can also be determined using equations (2) and (30) . With E Si = 179 GPa and h Si = 525 µm, the curvature is calculated to be 0.0101 m . In contrast, as mentioned before if the gradient stress in the SiN x layer is not included, the 'average' constrained stress in the SiN x layer on the Si substrate can be determined from the measured curvature by using equation (1) or equation (2) , i.e., σ SiN = 340 MPa, which is qualitatively unacceptable in comparison to the real average constrained stress σ SiN = σ SiN,0 + σ SiN,1 /2 = 421 MPa.
Concluding remarks
The widely used Stoney formula and its modifications hold for a film-substrate system only when the film stress is uniformly distributed through the thickness. The present study develops an exact solution for the elastic deformation of such a filmsubstrate system due to the arbitrarily distributed constrained stress in the film. When the initial constrained stress in the film is completely characterized by various experimental ways, the developed relationship can be used not only to determine the deformation of a film-substrate system but also to give the profiles of the bending stress (strain) and the residual stress (strain) in the thickness direction. The FE simulation of a p + silicon-silicon structure was then carried out, resulting in the results that agree well with the theoretical calculation. While the curvature measured with a laser scanning system has a different meaning from the bending curvature, this study also shows that, quantitatively, there is little difference between the surface curvature and the bending curvature. However, in general, there is much difference between the constrained stress and the average residual stress even when the constrained stress in the film is uniform throughout the thickness. In addition, the stress-curvature relation in SiN x -Al infrared structures was studied demonstrating that, compared to the original Stoney formula and its previous modifications, the theory developed in this paper can deal with more complex issues.
